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1. Abstract
We analyse − within the hamiltonian formalism with staggered fermions −
the patterns of chiral symmetry breaking for the strongly coupled Schwinger
and U(Nc)-color ‘t Hooft models with one and two flavor of fermions. Us-
ing the correspondence between these strongly coupled gauge models and
antiferromagnetic spin chains, we provide a rather intuitive picture of their
ground states, elucidate their patterns of chiral symmetry breaking, and
compute the pertinent chiral condensates. Our analysis evidences an in-
triguing relationship between the values of the lattice chiral condensates of
the ‘t Hooft and Schwinger models with one flavor of fermions.
2. Introduction
Confinement and chiral symmetry breaking go hand in hand as strong cou-
pling phenomena in a gauge theory; while confinement is an observed prop-
erty of the strong interactions and it is an unproven, but widely believed
feature of most non-Abelian gauge theories in four and lower space-time
dimensions, chiral symmetry is only an approximate symmetry of particle
physics since the up and down quarks are light but not massless.
The strong coupling limit of lattice gauge theories, even if far from the
scaling regime, is useful to study interesting properties of a gauge model.
In this limit, the gauge theory exhibits confinement and dynamical chiral
symmetry breaking: Wilson fermions explicitly break chiral symmetry while
for staggered fermions, even if the continuous chiral symmetry is broken
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explicitly, a discrete axial symmetry survives the lattice regularization and
it is realized on the lattice theory as a translation by one site.
There is an interesting issue arising in the lattice regularization of gauge
theories, which is how the lattice theory produces the effects of the axial
anomaly. Usually, on the lattice axial anomalies are either cancelled by
fermion doubling or else the lattice regularization breaks the axial symme-
try explicitly. Lattice gauge theories in 1+1 dimensions, in the Hamiltonian
formalism with staggered fermions, represent the unique example where nei-
ther of this occurs. For lattice models in higher space-time dimensions or for
a full lattice definition of non-anomalous chiral gauge theories one should
resort to the more powerful overlap construction [1] of lattice fermions,
which preserve global chiral symmetries on the lattice in theories such as
QCD [2].
For the (1+1)-dimensional lattice theories the effects of the anomaly are
not canceled by doubling since the continuum limit of a (1+1)-dimensional
staggered fermion produces exactly one Dirac fermion; moreover, even if
the continuum axial symmetry is explicitly broken by staggered fermions,
a discrete axial symmetry survives on the lattice. It corresponds to the
continuum transformation
ψ(x) −→ γ5ψ(x) , ψ(x) −→ −ψ(x)γ5 (1)
with γ5 = σ1; it is realized on the lattice as a translation by one site. Since
the mass operator ψψ is odd under Eq.(1), if this symmetry is unbroken
then 〈ψψ〉 = 0. This happens for both the ‘t Hooft and Schwinger models
with two flavors of fermions [3, 4].
For the one-flavor models the discrete axial symmetry should be broken
[4, 5] since the one-flavor continuum Schwinger model has a non-zero chiral
condensate given by [6]
〈ψ(x)ψ(x)〉 = − e
γ
2π
ec√
π
, (2)
with γ = 0.577 . . . the Euler constant and the one-flavor ‘t Hooft model
exhibits a non-zero chiral condensate given by [7]
〈ψψ〉 = −Nc(g
2
cNc
12π
)
1
2 . (3)
In the following we shall discuss the pattern of chiral symmetry breaking
and review the lattice computation of the pertinent chiral condensates for
the Schwinger and ‘t Hooft models with one and two flavors of fermions [3,
4, 5].
Staggered fermions are a useful tool to investigate 1 + 1 dimensional
lattice gauge theories also because − in the strong coupling limit − they
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provide an explicit correspondence between the gauge theory and a perti-
nent spin system [8]. The mapping is useful since it provides not only an
intuitive picture of the ground state of the gauge model but also the mass
spectrum and the lattice chiral condensate of the gauge model in terms of
spin correlators of the corresponding spin models [3, 4]. The relevant dif-
ferences between the one- and multi-flavor gauge models may be intuitively
represented in terms of this correspondence: the two-flavor Schwinger and ‘t
Hooft models correspond to the physically relevant SU(2) quantum Heisen-
berg antiferromagnets [3, 4], while the one-flavor models correspond to the
Ising antiferromagnets. The ground states of these spin models are very
different: while the Ising antiferromagnet exhibits spontaneous breaking of
the discrete axial symmetry, this does not happen for the quantum SU(2)
Heisenberg antiferromagnet. The order parameters signaling chiral symme-
try breaking are either an isoscalar chiral condensate, χisos. = 〈ψψ〉, or an
isovector chiral condensate χisov. = 〈ψσaψ〉: they can be non-vanishing only
for the one-flavor models. For the two-flavor models the only relic [3, 4, 9]
of chiral symmetry breaking is the non-vanishing of 〈ψ2Lψ1Lψ1Rψ2R〉.
3. One-flavor Schwinger and ‘t Hooft model chiral condensates
In this section we briefly review the lattice strong coupling computation of
the chiral condensates for the one-flavor Schwinger and ‘t Hooft model [4, 5].
For both models the strong coupling Hamiltonian may be presented as
H = H0 + ǫHh, where H0 =
∑
x(Ex)
2 is the unperturbed hamiltonian and
Hh = −i(R−L) is the hopping Hamiltonian, with R =
∑
x ψ
†
ax+1Uab(x)ψbx
the right hopping operator (L = R†). Uab(x) is a matrix defined on the link
[x, x+1] in the non-Abelian model [4] or a phase in the Abelian model [3, 5]
and ǫ = t/g2a2 is the strong coupling expansion parameter, with g the
coupling constant and a the lattice spacing.
In the strong coupling limit one has to find states which are annihi-
lated by the generator of gauge transformations and at the same time are
eigenstates of the unperturbed Hamiltonian H0. H0 exhibits two degenerate
ground states, |g.s.〉1 characterized by a charge distribution on each even
site of one (Nc) particle(s) in the Abelian(non-Abelian) model, and |g.s.〉2
characterized by the same charge distribution on each odd site. Each of
these ground states spontaneously breaks the discrete axial symmetry (1),
since by translating by one lattice spacing one ground state one gets to
the other one. The thermodynamic limit is taken so that these two states
are not mixed to any finite order of perturbation theory [5]. Consequently,
one should carry out non-degenerate perturbation theory only around one
ground state which we shall denote by |g.s.〉: one has spontaneous breaking
of the discrete axial symmetry. At the second order in the strong coupling
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expansion both models are effectively described by the antiferromagnetic
Ising model, whose ground state is the classical Ne´el configuration |g.s.〉 [4].
We shall now show that the effects of the dynamical symmetry breaking,
due to the anomaly in the continuum models, is reproduced on the lattice
through the breaking of the discrete axial symmetry. For this purpose one
should verify that the chiral condensate is non-vanishing. In the staggered
fermion formalism, the lattice chiral condensate may be obtained by com-
puting the v.e.v. of the mass operatorM = −1/Na∑Nx=1∑Nca=1(−1)xψ†axψax
on the perturbed states |pg.s.〉 generated by applying Hh to |g.s.〉. To the
second order in ǫ, |pg.s.〉 is given by
|pg.s.〉 = |g.s.〉+ ǫ|p(1)g.s.〉+ ǫ2|p(2)g.s.〉 , (4)
with
|p(1)g.s.〉 =
Πg.s.
E
(0)
g.s. −H0
Hh|g.s.〉 , (5)
|p(2)g.s.〉 =
Πg.s.
E
(0)
g.s. −H0
Hh
Πg.s.
E
(0)
g.s. −H0
Hh|g.s.〉 , (6)
and E
(0)
g.s. is the |g.s.〉 eigenvalue of H0. Πg.s. is a projector orthogonal to
|g.s.〉.
To the fourth order in ǫ, the lattice chiral condensate is then given by
χL =
〈pg.s.|M |pg.s.〉
〈pg.s.|pg.s.〉
=
〈g.s.|M |g.s.〉 + ǫ2〈p(1)g.s.|M |p(1)g.s.〉+ ǫ4〈p(2)g.s.|M |p(2)g.s.〉
〈g.s.|g.s.〉 + ǫ2〈p(1)g.s.|p(1)g.s.〉+ ǫ4〈p(2)g.s.|p(2)g.s.〉
. (7)
By direct computation [5] in the Schwinger model one gets
χSchwingerL = −
1
a
(
1
2
− 8ǫ2 + 96ǫ4) . (8)
In the ‘t Hooft model one finds a nonvanishing chiral condensate for any
finite Nc [4], in agreement with the results of Ref. [10], and in the limit
Nc −→∞ one gets
χ‘t HooftL = −
1
a
Nc(1
2
− 8ǫ2 + 32ǫ4) . (9)
The results given in Eqs.(8,9) well agree with the continuum answers [3, 4].
We observe [4] that the lattice computation of the chiral condensate
shows that, up to order ǫ2, the chiral condensate given in Eq.(9) is just
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Nc times the chiral condensate given in Eq.(8) for the one-flavor Schwinger
model. Taking into account the contributions up to the fourth order in ǫ
one has
χ‘t HooftL = Nc(χSchwingerL +
1
a
64ǫ4) . (10)
The difference is due to terms such as 〈g.s.|∑Nx=1RxRxLxLx|g.s.〉, which
are non vanishing only in the non-Abelian model, since in the Abelian model
the sites of |g.s.〉 are either empty or occupied by just one particle: |g.s.〉
is annihilated when more than one hopping operator acts on the same site.
The lattice computation, which brought us to Eq.(10), shows that the chiral
condensate of the ‘t Hooft model factorizes to all orders in the product ofNc
and one term whose numerical value is dominated by the contribution of the
chiral condensate of the one-flavor Schwinger model; as seen from Eq.(10)
the leading correction to the Abelian chiral condensate is of order O(ǫ4).
¿From Eq.(10) one may be lead to conjecture that the chiral condensate of
the non-Abelian model is determined mainly by the U(1) Abelian subgroup
of U(Nc); the non-Abelian group contributing a factor proportional to Nc.
4. Chiral symmetry breaking in the two-flavor Schwinger and ‘t
Hooft models
The two-flavor Schwinger and ‘t Hooft models are effectively described − at
the second order in the strong coupling expansion − by a quantum antifer-
romagnetic Heisenberg chain of spin-1/2 and spin-Nc/2, respectively [3, 4].
The vacuum of the gauge models, |g.s.〉, becomes the ground state of the
spin models in the infinite coupling limit; with periodic boundary condi-
tions this state is translationally invariant and, consequently, the discrete
lattice chiral symmetry is not broken when there are two flavors of fermions.
The translational invariance of |g.s.〉 implies that both χisos. and χisov.
are zero to all the orders in the strong coupling expansion. If one intro-
duces [3] the translation operator Tˆ = eipˆa and takes into account that
TˆMTˆ−1 = −M , (11)
TˆΣTˆ−1 = −Σ , (12)
TˆHhTˆ
−1 = Hh , (13)
Tˆ |g.s. > = ±|g.s. > (14)
with
M = (1/2Na)
Nc∑
a=1
2∑
α=1
N∑
x=1
(−1)xψα †ax ψαax (15)
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and
~Σ = (1/2Na)
N∑
x=1
(−1)xψ†a,x~σabψb,x , (16)
one gets that χisos. = −χisos. and χisov. = −χisov. to all the orders in
the strong coupling expansion. In the continuum these order parameters
are naturally zero since they would signal the breaking not only of the
UA(1) symmetry of the action but also of the internal flavor symmetry
SUL(2) ⊗ SUR(2), which is protected by Coleman’s theorem [11].
The nonvanishing v.e.v. signaling the breaking of only the UA(1) chiral
symmetry is 〈F 〉 = 〈ψ2Lψ1Lψ1Rψ2R〉. On the lattice, F is written as [3]
F = − 1
16a2N
N∑
x=1
{
(n1x − n1x+1)(n2x − n2x+1) + (L1x −R1x)(L2x −R2x)
}
.
(17)
In Eq.(17) nαx =
∑Nc
a=1 ψ
α†
axψ
α
ax are the occupation numbers at site x. The
strong coupling expansion, up to the second order in ǫ, yields
〈F 〉 = 〈pg.s.|F |pg.s.〉〈pg.s.|pg.s.〉 =
〈g.s.|F |g.s.〉 + ǫ2〈p(1)g.s.|F |p(1)g.s.〉
〈g.s.|g.s.〉 + ǫ2〈p(1)g.s.|p(1)g.s.〉
. (18)
For both the two-flavor Schwinger and ‘t Hooft models, it is possible to
explicitly compute 〈F 〉 in terms of spin correlators of the antiferromagnetic
spin-1/2 and spin-Nc/2 models, respectively. For the Abelian model the
wave function are normalized as
< g.s.|g.s. > = 1 (19)
< p1g.s.|p1g.s. > = −4 < g.s.|HJ |g.s. > , (20)
and taking into account that
< g.s.|F |g.s. > = 1
8a2N
< g.s.|HJ |g.s. > (21)
< p1g.s.|F |p1g.s. > =
1
4a2N
(−2 < g.s.|(HJ )2|g.s. > −5
3
< g.s.|HJ |g.s. >
+
5
12
N − 2
3
N∑
x=1
< g.s.|~Sx · ~Sx+2 − 1
4
|g.s. >) , (22)
from Eqs.(18), using the known correlation functions of the Heisenberg
model to numerically evaluate the v.e.v.’s given in Eqs.(20,21,22), one gets
< F >=
1
a2
(0.0866 − 0.4043ǫ2) . (23)
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In the non-Abelian model the wave functions are normalized as
〈g.s.|g.s.〉 = 1 , (24)
〈p(1)g.s.|p(1)g.s.〉 = −
16
Nc 〈g.s.|HJ |g.s.〉 , (25)
and the equations corresponding to Eqs.(21,22) are now given by
〈g.s.|F |g.s.〉 = − 1
16a2N
(
2
3
〈g.s.|HJ |g.s.〉 − N
2
c
3
N
)
, (26)
〈p(1)g.s.|F |p(1)g.s.〉 = −
1
16a2N
[
32
3Nc 〈g.s.|H
2
J |g.s.〉+
16
3
(NcN − 1)〈g.s.|HJ |g.s.〉
+8N 2c N +
16
3
〈g.s.|
N∑
x=1
(~Sx · ~Sx+2 − N
2
c
4
)|g.s.〉
+
64
3N 2c
N∑
x=1
〈g.s.|(~Sx · ~Sx+1)2|g.s.〉
]
. (27)
Since for spins higher than 1/2, no analytical result concerning corre-
lation functions is known, one has to evaluate Eqs.(25,26,27) in the large
spin limit S → ∞, which − since S = Nc/2 − corresponds to the planar
limit Nc →∞ of the gauge theory [12]. ¿From Eq.(18) one then gets
〈F 〉 = N
2
c
a2
(
0.042 − 0.750ǫ2
)
. (28)
The nonvanishing v.e.v. determined by Eq.(28) is the lattice relic of the
UA(1) anomaly in the continuum theory. As evidenced in Refs. [3, 4] the
operator F describes, on the lattice, an umklapp process.
5. Concluding remarks
We reviewed the analysis of the chiral symmetry breaking patterns in
strongly coupled 1 + 1 dimensional gauge theories such as the Schwinger
and ‘t Hooft models on the lattice [3, 4, 5]; since the “doubling” of fermion
species is completely removed by staggered fermions in 1+1 dimensions one
expects that the lattice regularization faithfully reproduces in these cases
the results of the continuum theory.
Using the correspondence between the strongly coupled lattice Schwinger
and ‘t Hooft models with antiferromagnetic spin chains derived in Refs. [3,
4, 5], one has that, while the one-flavor models are effectively described
by antiferromagnetic Ising chains, the two-flavor models are effectively de-
scribed by antiferromagnetic Heisenberg chains. This correspondence is use-
ful in providing not only a rather intuitive picture of the ground state of
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a gauge model − and thus of the patterns of chiral symmetry breaking on
the lattice− but also − as evidenced in Section 4 − an expression for the
chiral condensates in terms of spin correlators of the pertinent Heisenberg
chain.
It would be interesting to exhibit the mapping of gauge theories onto
antiferromagnetic Heisenberg models also in the context of the “overlap”
fermions [1]. This correspondence is known to exist in all the previously
known approaches to lattice fermion, as evidenced in Ref. [13] using the
SLAC derivative, in Ref. [14] in the context of Wilson fermions and in
Refs. [8, 3] using staggered fermions. Moreover, an intriguing question to
answer is if the mapping of gauge theories onto quantum antiferromagnets
survives also in the weak coupling limit. An interesting proposal in this di-
rection has been made recently by Weinstein in Ref. [15], where, using the
Contractor Renormalization Group method, he established the equivalence
of various Hamiltonian free fermion theories with a class of generalized frus-
trated antiferromagnets.
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